ABSTRACT. Let k be a number field and B be a central simple algebra over k of dimension p 2 where p is prime. In the case that p = 2 we assume that B is not totally definite. In this paper we study sets of pairwise nonisomorphic maximal orders of B with the property that a O k -order of rank p embeds into either every maximal order in the set or into none at all. Such a set is called nonselective. We prove upper and lower bounds for the cardinality of a maximal nonselective set. This problem is motivated by the inverse spectral problem in differential geometry. In particular we use our results to clarify a theorem of Vignéras on the construction of isospectral nonisometric hyperbolic surfaces and 3-manifolds from orders in quaternion algebras. We conclude by giving an example of isospectral nonisometric hyperbolic surfaces which arise from a quaternion algebra exhibiting selectivity.
INTRODUCTION
Let k be a number field with ring of integers O k and B a central simple algebra defined over k of dimension n 2 . A fundamental result in the development of class field theory was the Albert-BrauerHasse-Noether theorem, which gave an elegant characterization of the degree n field extensions of k which embed into B. It is natural to ask for an integral refinement of this theorem. In this context one is given an O k -order Ω ⊂ L of rank n and asked to characterize the collection of maximal orders of B which admit an embedding of B. Shortly after the Albert-Brauer-Hasse-Noether theorem was proven, Chevalley [5] took up the task of proving an integral refinement and was able to arrive at a complete solution in the case that B = M n (k):
Theorem (Chevalley). Let k be a number field, B = M n (k) and L be a degree n field extension of k. Then the ratio of the number of isomorphism classes of maximal orders of B into which O L can be embedded to the total number of isomorphism classes of maximal orders of B is equal to [H k ∩ L : k] −1 , where H k is the Hilbert class field of k.
The past two decades have seen a number of generalizations of Chevalley's theorem. In 1999 Chinburg and Friedman [6] considered the case in which B is a quaternion algebra which is not totally definite and gave necessary and sufficient conditions for a maximal order of B to admit an embedding of a quadratic O k -order Ω. Chinburg and Friedman's theorem makes clear that if Ω does not embed into every maximal order of B, then it embeds into representatives of precisely one-half of the isomorphism classes of maximal orders. It is worth observing that when B = M 2 (k) and Ω = O L , the proportion given in Chevalley's theorem is always one-half if it is not equal to one. Chinburg and Friedman's work was subsequently generalized to Eichler orders by Chan and Xu [4] , Guo and Qin [7] , and Maclachlan [11] (who considered optimal embeddings rather than embeddings) and to more general orders by the author [8] .
The first work beyond Chevalley's in the higher dimensional setting was that of Arenas-Carmona [1] , who considered central simple algebras B of dimension n 2 with the property that B is locally split or else a division algebra at all finite primes of k and proved a result analogous to Chevalley's. In [9] , the author and Shemanske considered central simple algebras of dimension p 2 (for p an odd prime) and arbitrary commutative O k -orders of full rank and were able to prove an analogue of Chinburg and Friedman's theorem. As a corollary [9, Corollary 5.2] , it was shown that selectivity can never occur in a central division algebra of prime degree. Recently, Arenas-Carmona has extended his results to the case in which B is a division algebra of arbitrary degree and Ω is an arbitrary commutative O k -order of full rank [2] .
It is worth noting that whereas the results above were proven using a variety of different techniques, their proofs do exhibit certain commonalities. All proceed by defining a class field F whose degree over k is the number of isomorphism classes in the genus of orders being considered and then showing that if Ω is selective in the sense that it does not embed into every order being considered (maximal, Eichler, etc), then it embeds into precisely [F ∩ L : k] −1 of the isomorphism classes. Moreover, the work of Chinburg and Friedman and the author and Shemanske make extensive use of the structure of the Bruhat-Tits building for SL n (K), as the vertices in this building correspond to maximal orders in the split algebra M n (K).
In this paper we consider central simple algebras of dimension p 2 and consider the somewhat more general problem of studying families F of maximal orders having the property that all of the maximal orders of F are pairwise non-isomorphic and have the property that if Ω is a O k -order of rank p and R 1 , R 2 ∈ F then R 1 admits an embedding of Ω if and only if R 2 admits an embedding of Ω. We call such a family nonselective. The work of Chinburg and Friedman and the author and Shemanske make clear that unless B satisfies certain (very restrictive) conditions, no order Ω will be selective and hence any family of non-isomorphic maximal orders will be nonselective. Our contribution is therefore to completely clarify the situation in the case that the algebra B actually exhibits selectivity. Our main result is: The motivation for studying nonselective families of maximal orders arises from their relation to an important problem in differential geometry: the inverse spectral problem. In this problem one is asked the extent to which the topology and geometry of a Riemannian orbifold is determined by its Laplace spectrum. It is well-known for instance that volume and scalar curvature are spectral invariants. Isometry class is not a spectral invariant. This was first shown by Milnor [13] , who exhibited isospectral nonisometric flat tori of dimension 16. The first examples in negative curvature were obtained by Vignéras [16] , who used the arithmetic of orders in quaternion algebras in order to obtain isospectral non-isometric hyperbolic 2-and 3-manifolds. Crucial to her construction is the fact that in her setting, isospectral manifolds can only arise from nonselective families of maximal quaternion orders. In Section 6 we will review Vignéras' construction and show how it can be clarified in light of Theorem 1.1. We will show (Theorem 6.5) that if the Hilbert class field and narrow class field of the number field k coincide then every quaternion division algebra over k which is not totally definite will give rise to isospectral Riemannian orbifolds. Finally, we will give an example of isospectral nonisometric hyperbolic surfaces which arise from a quaternion algebra which exhibits selectivity. To our knowledge, this is the first such example known.
MAXIMAL ORDERS IN CENTRAL SIMPLE ALGEBRAS AND SELECTIVITY
We begin by setting up the notation that will be used throughout this article. Let k will be a number field and B a central simple algebra defined over k with dimension p 2 for some prime p. In the case that p = 2 we will furthermore assume that B is not totally definite; that is, there exists an archimedean prime of k which is unramified in B. In this section we will parameterize the isomorphism classes of maximal orders of B in a manner that will be useful for the proof of our main algebraic result: Theorem 4.1. Our treatment closely follows that of [9, Sections 3 and 4] .
Given a prime ν of k, we will denote by k ν the completion of k at ν. In the case that ν is a finite prime of k, we will additionally denote by O ν the maximal order of k ν and by π ν a fixed uniformizer. Similarly we let B ν denote the completion of B at ν; that is, B ν := B ⊗ k k ν . Finally, we denote by J k ( respectively J B ) the group of ideles of k ( respectively of B ). Throughout this paper nr will denote the reduced norm. We will employ this notation in numerous contexts: nr : B → k, nr : B ν → k ν and nr : J B → J k .
Let ν be a prime of k. We say that ν is split in B if B ν is isomorphic to M p (k ν ). Otherwise B ν is a central division algebra and we say that ν is ramified in B. Note that our hypothesis that B has dimension p 2 implies that an infinite prime ramifies in B only if p = 2, in which case B ν is isomorphic to Hamilton's quaternions.
Let R be a maximal order of B. Given a prime ν of k we define completions R ν ⊂ B ν by:
Recall that an order of B is a maximal order if and only if its completion is a maximal order for all finite primes ν of k. It follows that the isomorphism classes of maximal orders are given by points in the idelic double coset space B * \J B /N (R).
induced by the reduced norm. It was shown in [8, Theorem 3.3] and [9, Theorem 4.1] that this map is a bijection. For every prime ν of k, all maximal orders of B ν are conjugate, and any two maximal orders of B are locally equal for almost all primes. From this it follows that k * \J k / nr(N (R)) does not depend upon the maximal order R chosen. To ease notation we will therefore define
The group G B is easily seen to be a finite elementary abelian group of exponent p. It follows that the type number of B, which is defined to be the number of isomorphism classes of maximal orders of B, is a power of p. Define t B to be the nonnegative integer such that the type number of B is equal to p t B . An application of class field theory shows that there exists an abelian extension
) and splits completely in k B if and only if k * ν ⊂ k * nr(N (R)). A straightforward calculation now shows that the extension k B /k is unramified outside of the infinite primes of k which ramify in B and that all finite primes which ramify in B split completely in k B /k. If the prime p is odd then all infinite primes of k split in B, implying that k B /k is an everywhere unramified extension and is therefore contained in the Hilbert class field of k.
We now develop a little more notation. Given a finite extension F of k, a prime ν of k which is unramified in F/k and a prime P of F which lies over ν we will denote by (P, F/k) the Frobenius automorphism. When F/k is abelian we will use the symbol (ν, F/k) to denote the Artin symbol. We will similarly employ ( * , F/k) to denote the idelic Artin symbol. That is, if F/k is abelian and ν is unramified in F/k we set e ν = (1, . . ., 1, π ν , 1, . . .) and, upon viewing e ν as lying in a suitable quotient of the idele class group, we have (e ν , F/k) = (ν, F/k).
2.1.
The local type distance. Let K be a nonarchimedean local field with uniformizer π and maximal order O and V be a p-dimensional vector space over K. We identify End K (V ) with the central simple algebra
is a maximal order of End K (V ) which we may identify with the maximal order
Suppose now that E 1 , E 2 are maximal orders of B. We may write
. Because the lattices M 1 and M 2 are only defined up to homothety, we may assume that M 1 ⊆ M 2 . These are lattices over a PID, hence they have well-defined invariant factors
We define the type distance between E 1 and E 2 as
This definition does not depend on the choice of uniformizer and is motivated by the problem of how to label the vertices in the Bruhat-Tits building associated to SL p (K) (whose vertices correspond to endomorphism rings of O-lattices of rank p and which have 'types' 0, . . . , p − 1).
Selectivity theorems.
We now return to the global setup in which k is a number field and B is a central simple algebra over k of degree p. If p = 2 then we further assume that B is not totally definite. Let R 1 , R 2 be maximal orders of B. Recall that if ν is a place of k which is finite and split in B then we have defined the local type distance td k ν (R 1ν , R 2ν ). If ν is finite and ramified in B or infinite then define td k ν (R 1ν , R 2ν ) = 0. We recall that R 1ν = R 2ν for almost all ν, hence td k ν (R 1ν , R 2ν ) = 0 for all but finitely many places ν of k. We define the G B -valued distance idele ρ(R 1 , R 2 ) to be the image in G B of (π
Given a maximal subfield L of B and a commutative O k -order Ω of conductor f Ω/O k which is contained in L and has rank p, we say that Ω is selective for B (or that B exhibits selectivity with respect to Ω) if Ω does not embed into all maximal orders of B. If Ω is a selective order and R is a maximal order of B then we say that Ω selects R if there exists an embedding of Ω into R.
The determination of when Ω is selective and which maximal orders it selects is given by the following theorem, which is due to Chinburg and Friedman [6, Theorem 3.3] in the case that p = 2 (see also [8, Theorem 5.8] ) and to the author and Shemanske [9, Theorem 4.7] in the case that p > 2. (1) and (2) 
We conclude this section by proving the following interesting consequence of Theorem 2.1.
Proof. We first note that Theorem 2.1 shows
Suppose that ν is a prime of k which splits completely in L 1 /k. The Albert-Brauer-HasseNoether theorem implies that this prime is unramified in B. Let R be a maximal order of B into which O L 1 embeds. We will define an auxiliary maximal order R(ν) via the local-global correspondence. Define δ ν to be the diagonal matrix diag(π ν , 1, . . .) ∈ M p (k ν ). We now define the order R(ν) via:
It follows from the definition of the distance idele ρ(·, 
PARAMETERIZING ISOMORPHISM CLASSES OF MAXIMAL ORDERS
Theorem 2.1 determines the maximal orders of B selected by a particular commutative order Ω. In this and the following section we consider the somewhat more general problem of determining when there exist maximal orders of B which are selected by precisely the same set of rank p commutative O k -orders Ω. In order to prove our main result (Theorem 4.1) we will require a number of technical results.
The following is an immediate consequence of the Chebotarev density theorem (see also [9, Proposition 4.3] We have now seen that G B ∼ = (Z/pZ) t B and that the generators of this group are of the form {e ν i }, where e ν i denotes the image of the idele e ν i in J k /k * nr (N (R) ). We will now prove a proposition that generalizes [9, Proposition 4.3] and shows that the ν i can be chosen to have certain splitting properties in the degree p subfields of k B .
Before stating our next result we require a definition. If k is a number field and L 1 , . . ., L n are Galois extensions of k then we say that the extensions 
which follows from Galois theory, Gal(k B /k) is the internal direct product of Gal(k B /L) with the groups (ν i , k B /k) . This gives us the generators e ν 1 , . . ., e ν s B of G B with the properties claimed in the proposition's statement.
To finish, view Gal(k B /L) as a subgroup of Gal(k B /k) and let σ ∈ Gal(k B /L). Lemma 7.14 of [14] implies that there exist infinitely many primes ν of k for which σ = (ν, k B /k) and which split completely in L/k, hence in all of the extensions L i /k as well. In this way we obtain the remaining (t B − s B ) generators e ν i of G B , all of which have the property that ν i splits completely in the extensions L i /k.
3.1. The parameterization. As above let L 1 , . . . , L s B be a maximal, independent set of degree p subfields of k B , all of which embed into B, and assume that s B > 0. Let R be a fixed maximal order of B and recall that G B ∼ = J k /k * nr(N (R)) ∼ = (Z/pZ) t B where 0 < s B ≤ t B . Lemma 3.1 and Proposition 3.2 shows that there exist ideles {e ν i } t B i=1 ⊂ J k whose images in G B form a generating set and which satisfy the following properties:
(1) All of the ν i are non-archimedean and split in B; that is,
We will now define p t B distinct maximal orders of B and show that they are pairwise nonisomorphic and therefore represent all isomorphism classes of maximal orders of B.
Given a finite prime ν of k and integer 1 ≤ k ≤ p − 1 we define δ ν,k = diag(π ν , . . . , π ν , 1, . . ., 1) to be the diagonal matrix in which the first k diagonal entries are equal to π ν and the remaining p − k diagonal entries are equal to 1.
We define our p t B maximal orders as follows. Let γ ∈ (Z/pZ) t B and define a maximal order R γ via the local-global correspondence:
otherwise. Our claim about the orders R γ being pairwise non-isomorphic now follows from an easy calculation using the G B -valued distance idele ρ(·, ·) (see [9, Proposition 4.6] ). We will call the set {R γ } a parameterization with respect to R of the maximal orders of B.
A SELECTIVITY THEOREM
In order to address the problem of when there exist maximal orders in B which are not conjugate but are selected by precisely the same set of rank p commutative O k -orders Ω it will be convenient to set up the following notation.
Let L be a maximal subfield of B and Ω be a commutative O k -order Ω which is contained in L and has rank p. We say that a collection {R 1 , . . . , R t } of pairwise nonisomorphic maximal orders of B is nonselective if there does not exist a rank p commutative O k -order Ω that selects some, but not all, of the orders R i . We will say that a nonselective family is nontrivial if it has cardinality greater than one.
We claim that if a finite prime of k ramifies in B then B contains no selective orders. Indeed, if Ω is a selective order then its field of fractions L must be contained in k B by Theorem 2.1. But every finite prime which ramifies in B splits completely in k B /k and hence in L/k as well. It now follows from the Albert-Brauer-Hasse-Neother theorem that L does not embed into B, a contradiction. In light of this fact we will henceforth assume that B is unramified at all finite primes of k. Note that this implies that if p is an odd prime then B ∼ = M p (k).
Theorem 4.1. Let t B be the nonnegative integer such that the type number of B is p t B and let s B be the nonnegative integer such that the degree over k of the compositum of all degree p subfields of k B which embed into B is p s B . The cardinality of a nonselective family of maximal orders in B is at most (p − 1) s B p t B −s B . Furthermore, there exists a nonselective family of maximal orders in B having cardinality p t B −s B .
Proof. We begin by exhibiting a nonselective family of maximal orders in B having cardinality p t B −s B . To that end, let L 1 , . . . , L s B be an independent set of degree p subfields of k B all of which embed into B and let {R γ } (for γ ∈ (Z/pZ) t B ) be a parameterization of the maximal orders of B as in Section 3.1.
For
and define a family F of maximal orders of B as follows:
That the cardinality of F is p t B −s B and that the maximal orders in F are pairwise nonisomorphic is clear. We claim that F is nonselective. We will first show that O L i (for i = 1, . . . , s B ) embeds into every maximal order in F . By Theorem 2.1 we must show that the Artin symbol 
Because R γ ∈ F we have that γ
Suppose now that L is a degree p subfield of k B which embeds into B (not necessarily one of the L i ) and that Ω ⊂ L is a commutative O k -order of rank p. Then Theorem 2.1 implies that either every maximal order of B admits an embedding of Ω or Ω is selective and the maximal orders representing precisely one-pth of the isomorphism classes of maximal orders admit an embedding of Ω. In the former case it is clear that every member of F admits an embedding of Ω, hence we may assume that Ω is selective and that some order R γ ∈ F admits an embedding of Ω. We must show that every order in F admits an embedding of Ω. To do this it again suffices to show
Consider now the Artin symbol
. By the remarks of the previous paragraph this shows that every order in F admits an embedding of Ω.
To show that F is nonelective all that remains to be shown is that if L is a maximal subfield of B which is not contained in k B and Ω ⊂ L is a rank p commutative O k -order then Ω embeds into every order in F . This follows immediately from Theorem 2.1, which shows that in fact Ω embeds into every maximal order of B.
We now show that if F ′ is any nonselective family of maximal orders in B then
Suppose that #F ′ = r and write
If Ω embeds into any of the maximal orders in F ′ then it embeds into all of these orders and the arguments above show that γ
(1)
If Ω does not embed into any of the maximal orders in F ′ then let γ ∈ (Z/pZ) t B be such that Ω ⊂ R γ . In this case the arguments above
show that for j = 1, . . . , r we must have γ Proof. Recall that the degree of k B over k is equal to the type number of B, which by hypothesis is greater than 1. Thus t B ≥ 1 and an elementary group theory argument shows that there are 2 t B − 1 quadratic subfields of k B , all of which embed into B = M 2 (k). This means that s B = t B so that the corollary follows from Theorem 4.1.
EXAMPLES
We now give two examples of quaternion algebras which exhibit selectivity but nevertheless contain nontrivial nonselective families of maximal orders. All of our computations are carried out with the computer algebra system Magma [3] . and let B be the quaternion algebra over k which is unramified at all finite primes of k and which is ramified at all infinite primes of k except for the one corresponding to the fifth root of f . The type number of B is four so that the class field k B coincides with the narrow class field of k. This extension is biquadratic and is given by k B = k(t 1 ,t 2 ) where t 2 1 − 2t 4 − 3t 3 − 15t 2 + 8t + 23 = 0 and t 2 2 − t 4 + 2t 3 + 5t 2 − 6t − 5 = 0. The extension k B /k has three quadratic subfields and it is easy to check that precisely one of these subfields embeds into B. This extension is L = k(t 3 ), where and let B be the quaternion algebra over k which is unramified at all finite primes of k and which is ramified at all infinite primes of k except for the one corresponding to the fifth root of f . The type number of B is eight so that once again the class field k B coincides with the narrow class field of k. The field k B is a multiquadratic extension of k given by k B = k(t 1 ,t 2 ,t 3 ) with t 2 1 + t 4 − 3t 3 − 6t 2 + 8t − 1 = 0, t 2 2 + 2t 4 − 6t 3 − 12t 2 + 15t = 0 and t 2 3 − t 3 + 5t 2 − 3t = 0. Precisely two quadratic extensions of k B embed into B. These are L 1 = k(w) and L 2 = k(x) where
It follows that t B = 3 and s B = 2 and so by Theorem 4.1 there exists a nonselective family of maximal orders of B having cardinality 2. 
AN APPLICATION OF SELECTIVITY TO INVERSE SPECTRAL GEOMETRY
In this section we apply the results of Section 4 to the problem of constructing Riemannian manifolds which are not isometric yet have the same Laplace eigenvalue spectrum. Early examples were constructed by Vignéras [16] from maximal orders in quaternion division algebras defined over number fields. We will begin by describing Vignéras' construction.
Let k be a number field of signature (r 1 , r 2 ) and B be a quaternion algebra over k in which at least one archimedean place is unramified. Then there exist nonnegative integers r, s such that
and hence an embedding
where the product is taken over all places ν if k which do not ramify in B. This embedding in turn induces an embedding ρ :
2 is a product of real hyperbolic spaces of dimensions 2 and 3. The manifolds constructed by Vignéras are of the form Γ\G/K for suitable discrete subgroups isometries of G/K.
Let O k denote the ring of integers of k and R be a maximal order (more precisely, O k -order) of B. Denote by R 1 the multiplicative group of elements of R with reduced norm 1. The group Γ 1 R := ρ(R 1 ) is a discrete group of isometries of G/K which has finite covolume and which is compact whenever B is a division algebra. It is clear that if R ′ is a maximal order of B which is conjugate to R by an element of B * then Γ 1 R will be conjugate to We now focus our attention on determining when the Laplace spectra of Γ 1 R \G/K and Γ 1 R ′ \G/K will coincide. At the heart of Vignéras' construction of isospectral manifolds was the following theorem ([16, Théorème 3]), whose proof relies heavily upon the Selberg trace formula and which reduces the question to the arithmetic of the orders R and R ′ : Theorem 6.2 (Vignéras) . If R 1 and R ′ 1 have the same number of conjugacy classes of a given reduced trace and order, then Γ 1 R \G/K and Γ 1 R ′ \G/K have the same Laplace spectrum. Remark 6.3. In fact Vignéras' proof shows that when the hypotheses of Theorem 6.2 are satisfied, Γ 1 R and Γ 1 R ′ will be representation equivalent, hence isospectral with respect to all natural strongly elliptic operators, such as the Laplacian acting on p-forms for each p.
In her paper Vignéras goes on to give a technical arithmetic condition [16, Théorème 7] which, when satisfied, implies that R 1 and R ′ 1 satisfy the hypotheses of Theorem 6.2. Let u ∈ R 1 be a nonscalar which satisfies x 2 − tx + 1 = 0 and define a quadratic O k -order Ω := O k [u] . It is wellknown that the number of conjugacy classes of elements in R 1 with reduced trace t is equal to the number of embeddings of Ω ֒→ R modulo the action of R 1 (which is given by conjugation). An immediate consequence of Theorem 6.4 is that if the quaternion algebra B exhibits no selectivity and has type number greater than one than one can exhibit non-conjugate maximal orders satisfying the hypothesis of Theorem 6.4 (and hence of Theorem 6.2). The result of [6, Theorem 3.3] shows that this is the case, for instance, if B is ramified at any finite primes of k. The following theorem gives an easy to check criteria, which, if satisfied, implies that B does not exhibit selectivity and thus gives rise to Laplace isospectral orbifolds. Theorem 6.5. Let k be a number field whose Hilbert class field and narrow class field coincide and B be a quaternion division algebra over k which is not totally definite and which has type number greater than one. Then there exist non-conjugate maximal orders R and R ′ in B such that Γ 1 R \G/K and Γ 1 R ′ \G/K are Laplace isospectral. Proof. Because the class field k B is contained in the narrow class field, our hypotheses imply that k B is contained in the Hilbert class field of k. If B ramifies at any finite primes of k then as was remarked above, [6, Theorem 3.3] implies that any two non-conjugate maximal orders of B comprise a nonselective family. In this case the theorem follows from Theorem 6.4. Suppose therefore that B is unramified at all finite primes of k. Because B is a division algebra there must be an infinite prime ν of k which ramifies in B. If L is a quadratic subfield of k B then the fact that k B lies in the Hilbert class field of k implies that ν splits in L/k. The Albert-Brauer-Hasse-Noether theorem therefore shows that L does not embed into B. It follows that (in the notation of Section 4 ) s B = 0, hence the theorem follows from Theorems 4.1 and 6.4. Remark 6.6. When one is interested in constructing discrete groups of isometries acting on a product of hyperbolic planes, the number field k used in the above construction must be totally real. Let h k and h + k denote the class number and narrow class number of k. It is well known that when k is totally real we have h + k = 2 m k h k , where m k is the rank as a vector space over F 2 of the group of totally positive units of O k modulo squares. In particular this shows that when k is totally real, the hypothesis of Theorem 6.5 will be satisfied whenever every totally positive unit in O k is a square.
While it has been known for quite some time that one could obtain Laplace isospectral orbifolds from quaternion division algebras not exhibiting selectivity, the possibility that nonselective families (and hence Laplace isospectral orbifolds) could arise from algebras in which selectivity actually occurs, has until now not been explored. We will conclude this section by employing Theorem 4.1 in order to exhibit an example of non-isometric Laplace isospectral hyperbolic surfaces.
Example 6.7. Let (k, B) be as in Example 5.1. We have already seen that B contains a nonselective family {R 1 , R 2 } of maximal orders. Let G = PGL 2 (R) and K be a maximal compact subgroup of G. Theorem 6.4 shows that the hyperbolic surfaces Γ 1 R \G/K and Γ 1 R ′ \G/K have the same Laplace spectrum. We show that Γ 1 R \G/K and Γ 1 R ′ \G/K are not isometric. One can easily check that the automorphism group Aut(k/Q) is trivial, thus our assertion about the surfaces not being isometric follows immediately from Theorem 6.1 and the fact that R 1 and R 2 are not conjugate.
